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Quantum computational models

Quantum Turing machine (Deutsch 86, Bernstein & Vazirani 93):
— Generalization of classical universal Turing machine
— Interference of computational pathsin Hilbert space

Quantum logical networks (Deutsch 89, Yao 93, Barenco et al. 95, ...):
— Generalization of classical Boolean networks (reversible)
— Universal set of quantum gates (e.9g.CNOT, U,1 SU(2) ) o

i
i
i
Sequence of contralled interactions: o — f
lnitialisation ~ (Fbitand2bitquentumaates — poog o 2/
ol p/2) * 1p/2] \,) ) on .
o X [p/2] coefficients
s X, /2] B
. 2 P/4] T N X\' N
' x2f 0, Igh
o X, @ ‘:D P o _
X =]X0o, Xq; 22 Xy al

/
ﬂ »  time




Quantum computational models |

e Measurement-based quantum computer (Raussendorf & Briegel 2000)
— Information processing via sequence of 1-bit measurements on initialized
(entangled) register (, quantum tape®)
— Cansimulate any g.l. network efficiently
— Principle of operation: Entanglement > Correlation > Logic

P

M easurement Interpretation

* Related work:
— Teleportation as universal computational primitive
(Gottesman & Chuang 1999)

— 4-bit & 2-bit measurements as universal primitives
(Nielsen 2001, Leung 2001)
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One-way quantum computer

A: Resources

(1) Latticeof two-state systemsin cluster state jA ¢ : a2 Cysz-
K(a)j/éi cC= jﬁi C K®ja2C = group of correlation operators
eigenvalue eguations \

Cv 22—

N
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(2) Projective von-Neumann measurements (1-bit)

Por = JOxlO
Pl;ﬁ — jliﬂhl:i 6



One-way quantum computer ...

B: Program

(1) Setof measurement directions
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(2) Set of rulesfor processing the measurement results

Literature Raussendorf & HJB

~ Transition function of QTM Phys. Rev. Lett. 86, 910 (2001);
Phys. Rev. Lett. 86, 5188 (2001). 7



Modifications

Cluster state on honeycomb lattice:

 Only 3 next-nearest neighbors

« Universal resource for g.c.
via one-qubit measurements




How do you create a cluster state?

K@jAc= kajAic , ka2f+1j1c 8a2C

(1) Quantum memory in state jAJ = N JOxa with jOi,= p (J(] + jliy)
azC

(qubits polarized in x direction)

(2) Switchon Ising interaction

M = | 2R AP i

<aa> . ed—Pot—po °

... for acertain period of time



Alternatively:
(2') Measure correlation (stabilizer) operators K@ on |y o) :
Y 18§ K@

— JA C—l:u > JAoi
aC

Corollary: 4-qubit measurements
sufficient for universal QC.

(Nielsen quant-ph/0108020)
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Resources for QC

M easurement ver sus entanglement?

 Multi-qubit measurements of K@ create entanglement
between different qubits of the memory.

 1-qubit measurements can only destroy entanglement.

Q: Interpretation of measurement
as a computational resource?
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Conceptual framework of the QC.

Entanglement — Correlation — Logic

T T

M easurement | nterpretation
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Cluster states ||

i >—} I: ® = qu|t
I I I < cluster C15Ad
d=1,2,3

[ 1

2 2

. . 1 < 9
Hamiltonian Hine = i Zh(t) PP 2, . hg(t)
<a> <gaC>

» |sing-type next neighbor interaction
e globally controllable interaction strength g(t)

X 1+ 15 %),

= dt
2 2 oo

Unitary transform  S() = ep@
<a>

» simultaneous conditional phase gate between all qubits

SC) = S +2Z) periodic 14



o e o C
® o [ ]
Cluster states|1 ... oo oo
e 6 o @ e o
For initial state  jOix;a p:200a+JJJa), al qubits belonging to the
a a
same cluster C become entangled:
O T ' = 1434, maximum entanglement"
SC) J0xa= N
a an’ XA ; "= 2l product state
N.B.: Entanglement oscillationsfor g(t) = const., = gt
Cluster state: Ac=%  (jO5+jliy)

a
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Cluster states || ...

1 2 N
D=1: C=f1f12:::;Nc o o o - o ®
A~ A= 0L+ lia WD
a
multiply out!

=  JO 3P +jlip  jO3P +jli,  jOsHY +jlio, (AN + jlin)

3 | -=> -
JAi = j03P +jli;  jOo+ jlis

= jap jOo—jlix +jli; jJGo+jliy

=1 j04j0, + jigjdiy 16



Cluster states|| ... 12

N=2: JAIL =, jajO + jijai
N=3: jAd =, J0jOjO +j1ijlijLi
N=4: JAd =, j0jOjGjO + jOjOjLjL + jLij2jOO i j1ij1ij2iji

compare:  jGHZ4 =, , jOjOIjOjO +j1ijijlijli 6 Ayl

Q: How can we distinguish jAyi and jGHZ4i
In operational terms?

17



f, versus GHZ, Al/\
\

A,

./.AS

Ay

Similarity: Any two qubits can be projected into a Bell state by local
measurements on the other qubits (& class. communication).

Difference; Itisimpossible to destroy all entanglement of JAyi by asingle
local operation, such as von Neumann measurement or tracing.

Schmidt measure Rartitioning

1GHZy

J

of entanglement: (A1) (A2 (A)(A2)

(A1A2)(Az)(As)
(A1A2)(AsAs)
(A1Az)(AxA4)

(A1AA)A4

JG_Z4I :I.u.

jGjajaja +jlijlijaijai

jAj =, j0ijGjOijOIi + jOijOij2ijLi + j2ij1ijOijOi j j2ijdLijdijli

PR RRR

Eisert & HJB, Phys. Rev.
A 64 022306 (2001)

RNPRFRN|

18



Maximal connectedness & Persistency of entanglement
HJB & Raussendorf, Phys. Rev. Lett. 86, 9910 (2001)

Definition 1: (Max. connectedness) The quantum mechanical state of aset C={1,2,...n}
of n qubits is maximally connected if any two qubits of the set C can be projected, with
certainty, into apure Bell state by local measurements on a subset of the other qubits.

Definition 2: (Persistency) The persistency of entanglement P, of an entangled state of

n qubits is the minimum number of local measurements such that, for all measurement
outcomes, the state is completely disentangled (product state).

M
Ai/\
e- - — .AS
P(Jl(j?-:l—e(jzil)):; \/

A



Entanglement properties of the cluster state

(1) jAyi ismaximally connected.
(2) Persistency of entanglement P(jAyi) = B3¢

(3) Expansionof jAi into product basis contains exponentially
many terms.

A = p@jﬁg)ijﬁg)i agAi | R, r= 29
j =1

]

Schmidt measure: Ps(jAi) = logy(r) = Blc= P«(jAyi) = persistency

N.B.: Similar results hold for 2D and 3D
20



Entanglement resource

JAE;euij k
2D & 3D clusters are maximally connected and represent an entanglement resource

— Project out Bell and GHZ states by 1-particle measurements:

G R — . ) -+---2: (0 e
¢ e« ® e § ® o l---?----l - .-"'.*"". * e 4+ '. ,
i . "« & = @ = B Ip -------- ' S — ¥ T ’
ooooooo * O--$--8 o+ o ;6 b = lb
R e { ] * 9 °» @ 5 ® ¢ ,-0{----—-—.--‘
e & @ § 9 o .---d:----. L] .----i:----l ¢ =& & & ¥ a &
L i Seoh L « 0 » ¢ R e e St Tt e )
4 Bell states 5 GHZ states 1 GHZ state

[ Grey ® symbolize s, measurements (betweenthe - lines)

and s, measurenents (onthe - lines) ]

— Project out any n-particle entangled state (!) by 1-particle measurements
on m>> n particles.

Quantum state engineering via " lithographic measurements”™

HJB & Raussendorf, Phys. Rev. Lett. 86, 9910 (2001) 21
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Quantum computing on a cluster

Structuring the cluster: ?7%6‘); SC') =0; 82C Z-measurements commute
with entanglement operation

Hint » 3/%61)3/968

zzzz»zzzzzzz\
measured qubits — " — . . . «
MWW Tazzzzzzzl [zZZZ st N= GM

Y 1+389 . .
5 WAcZu Ao = AN N = carrier of quantum logic network

a2M

— reduced cluster state: K(a)inN = §jAiNn ; 8a2 N

23



K®@jAin = §jAN
Quantum computing on a cluster

Entanglement — Correlation:

Observe MR @34PjA = 0; 8r;a  while HAK®@jA = 81; 8

O A 2fra F, B
<a;a@ ’ ’ ~
Possible outcomes of potential s, and s, measurements: Za Xg 2 T+1;j IAc
i random variables
... Obey strict correlations X4 Zzo = 81
<aa>
Example: A
tZ X 23 Xaz12o73 = 1

B 2



Quantum computing on a cluster

_1 _
‘| Zr conditional correlations

write z = (j 1)° with logical variable 3 2 f(Q 1c

3

3 = 33+3,mod2 = XOR(33;3,)
smilarlyfor X4 = | 1. 33 =1+31+ 35mod2= NOT £XOR(34;35)

N.B.: Logical relation for potential z measurementson qubits 1,2,3.
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Quantum logic gates

M easure; control . . . . . []
y

target [/ [x XY X X[

owan 1 = S GO

/ 36 3% 2 f0 ¢ depend on
the random measurement results

byproduct operators

26



Quantum logic gates

M easure: 1@%%*[}5

e Tempora ordering of measurements!

27



Byproduct operator propagation

il
L/
accumulated byproduct operator Ug|,,
ot e
£ — prepaey
Y ;fﬂmﬁﬁm
|+3— A’@fﬁ =
H— L el =
propagation relations ey —

%h@cﬁ MZ [Q_
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Simulation of logical networks (circuits)

information flow

>
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measurements. ¢ in Z direction
* in X direction
X inX-Y plane

Raussendorf & HJB, Phys. Rev. Lett. 86, 5188 (2001)



Quantum Fourier Transform

[

IN 2008 sz QUT

7 X measurement
H Y measurement
OO0 measurement inx-y plane

Browne, Raussendorf, HJB, unpublished (2001)
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General CNOT gate

CNOT between arbitrary qubits...

teitn, Ja E-out
]

L/

; 3
t-in ] t-out
i
- =
- =
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> >
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... requires slice of constant thickness (6 qubits)



Multi-qubit swap gate

OuUT
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Beyond the network picture

» All measurementsthat realize CNOT, Hadamard
and p/2 phase gates can be performed simultaneously

control X 'Yy 'Y YV VY'Y X Yyy
y Hadamard gate
target X/ X X Y X X
CNOT gate X I
p/2 phase gate

Reason: Only s, and s, measurements involved. Choice of

bases does not depend on results of other measurements.

=p-  Unit logical depth for circuits in the Clifford group

Raussendorf & HJB, quant-ph/0108067
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Sets M, of simultaneously measurable qubits

« Measure every qubit at the earliest tt ot x
possible time. e o o f o e e o s e
R S SR A
A A IR
O
AR EEEEEREE

* Cluster C decomposed into subsets Mj ¢ C

C=" Mj)» M; Mk=D; j6K
j2l

— All qubits of the same subset may be measured at the same time
— Temporal order between different subsets

« Computation = Seriesof simultaneous 1-qubit measurementson disjoint sets
Mo ; M1; Mo ; :::of qubits.
Raussendorf & HJB, quant-ph/0108067 34
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|mplementations

* Implementation of controlled Ising interaction has been proposed for

various systems:

— Optical lattices

— Magnetic microtraps

— Josephson loops

— Arrays of quantum dots (?)

(Jaksch et al., PRL 82, 1999)
(Calarco et a., PRA 61, 2000)
(Mooaij et al., Science 285, 1999)
(Tanamoto, quant-ph/0009030)
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|mplementation in optical lattices

Rubidium: Rb: F=2———— o [0

Optical lattices:
("lin-angle-lin" config.)

Multi-atom interferometer:

time
f = % j dt DE(t)

Interaction phase
(ultracold callisons®)

|attice sites

* Jaksch et al., Phys. Rev. Lett. 82, 1975 (1999)

Corresponds formally to controlled Ising interaction a7



